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PREFACE 



When we use the phrase "geometric drawing!' the implication is that 
there are no restrictions as to what instruments may be used. The ex- 
pression "geometric construction" generally implies, either tacitly or 
explicitly, that the "drawing" is to be executed by the use of certain in- 
struments and no others. The reader should also be reminded of the fact 
that a geometric figure is an abstraction -an "ideal" configuration - 
whereas the actual drawing which we produce is a physical thing, merely 
an approximation to the ideal configuration. 

When we refer to a ruler and a compass we have in mind an "ideal 
ruler" and an "ideal compass" with which to draw straight lines and 
circles "exactly," in the sense that the thickness of the pencil marks and 
other imperfections due to the mechanics of drafting are simply ignored. 
A ruler may be marked or unmarked; the unmarked ruler is generally 
called a straightedge. A compass may "collapse" when lifted off die paper, 
or It may remain "open" or set at a fixed radius. A compass that does not 
collapse is more properly called a pair of dividers; its purpose is to trans- 
fer distances, not to draw circles. 

The study of geometric constructions and geometrography has many 
facets. Thus all the constructions of elementary geometry can be carried 
out by using only a straightedge and collapsible compass. This was the 
technique that the Greek geometers used. But it is interesting to note 
that these two instruments are not entirely necessary, for there are . , ny 
constructions in which only one or the other is required, not both. In- 
deed, in modem times it was found that the straightedge can be dis- 
pensed with altogether, and that all constructions that are possible with 
straightedge and compass can be made with the compass alone, assuming 
that a line is considered as having been "constructed" as soon as two of 
its points have been determined. This technique, due first to Mohr and 
later to Mascheroni, is sometimes called "compass geometry." 

Other techniques are also possible. Thus Jacob Steiner (c. 1830) was 
one of the first to recognize the fact that any j>oint which can be con- 
structed with straightedge and compasses can je constructed with the 
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straightedge alone, provided that a fixed circle and its center are given 
in the plane of the construction. Another interesting technique is that 
of Poncelet (c. 1820), who showed that every point constructed with 
str ^i^htedge and compasses can be constructed with a two-edged ruler 
al. le. such as the carpenter's square. 

The essays which follow give an account of some of these techniques. 
For a discussion of Mascheroni constructions, the reader may consult 
another in this series of reprint pamphlets. 

The reader should realize that these four articles are only representa- 
tive of many articles, monographs, and books dealing with various aspects 
of geometric constructions. A considerable number of such sources arc 
given in the bibliography following Hess's article, as well as in the list of 
"Selected References for Further Reading and Study" which appears at 
the end of the bmiklet. In this connection, may we suggest that the Hilda 
Hudscm monographs constitute an especially valuable source of further 
information. 

—William Schaaf 
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FOREWORD 



In this first essay the author very lucidly points out the actual limita- 
tions which the Greek geometers imposed upon their instruments when 
disca^sing the "construaion" of geometric figures. He also suggests that 
the true Euclidean "rules of the game" are not always explicitly observed 
in modem texts on geometry. 

The next essay continues this line of thought by discussing the ge- 
omeir>' of the "fixed-compass!' Although the "collapsible-compass" ge- 
ometry was a bequest of the Greeks, the high school geometry of the 
present is essentially a rigid<ompass geometry. The present article gives 
an excellent account of constructions that are possible with a straight- 
edge and a compass restricted to one and the same opening throughout 
the entire construction, a technique referred to as the "geometry of the 
fixed-compass!' 

Although the term is not widely use, geometrography refers to various 
aspects of geometric constructions, including a consideration of con- 
structions with limited instruments; constructions with obstructions in 
the plane; other instruments beside straightedge and compass; three-di- 
mensional geometry; descriptive geometry; etc. The third essay gives the 
reader the fiavor of geometrography, touching also upon paper-folding 
and match-stick geometry. 

In the final essay we are given further insight into the general approach 
to methods of geometrography. 
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Euclidean Constructions 

Robert C. Yates 

In the spirit of the old-time revival and the spring tonic. I feel it pe- 
riodically necessary to "reaffirm the faith" and refresh myself in the 
fundamental constructions of Euclidean plane geometry. It seems always 
such a satisfying experience that I wish to share it. My refreshment takes 
the following form. 

The geometry of Plato and Euclid is built upon assumptions regarding 
coexistence of elements. Chief among these are the ones of incidence: 

1 . A straight line of indefinite length is determined by two points; 

2. A circle is determined by two points, one of which is its center. 
Other assumptions permit identification of a point upon a line, the point 
upon two lines, etc. 

Following the Euclidean tradition. I have found it helpful to imagine, 
construct, and use a "straightedge" whose copy will visualize the line 
and I ha%c also invented the "compasses" to produce a physical circle. 

In accordance with these assumptions I may: 

I. establish a straight line only upon two points, 

11. draw a circle with given center only if also given a point through 
which it passes; 

and I may not: 

III. have measuring marks upon the straightedge, 

IV. rigidly attach two straightedges, parallel or not. 

'arry lengths with the compasses (i.e., use the compasses as 
dividers). 

VI. have a circular disc with measuring marks upon its periphery (i.e.. 
a protractor. An unmarked circular disc together with straightedge 
would be permissible but inconvenient), 
VII. attach a circular disc to a straightedge, 

VIII. compound the compasses (i.e., use an instrument to draw concen- 
tric circles at the same lime; use a linkage). 
With these privileges and restrictions in mind. I nhal! look closely now 
at sfMne fundamental and iinfxjrtant constructions. 
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1. Bisect the given angle 6. Figure I. 

Select (identify) a point P on one side. Draw circle 0(P)' meeting the 
other side in Q. Draw QfPjand P(QJ which meet in X. Draw the bisector 
through X. Modem methods violate V and VI. 




Figure 1 

2. Erect the perpendicular to a line kata point P. Figure 2. 
Select Q on ^ and draw P(Q) meeting k again in R. Then QfR) and 
R(QJ meet in X, and PX is the desired perpendicular. 




Figure 2 

S, Draw the parallel to a line k through a point P, Figure S. 

Select a point Q on k. Draw P(Q). Draw Qj^P) meeting k in S. Draw 
S(Q) meeting P^Q) in X which, with P, determines the parallel to k. I 
notice that only three circles (all with the same radius) need be drawn to 
locate the final point X. This is a measure of economy that I compare 
with modem textbook constructions. 

'ThU nuution is for the drde through P with center O, 
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Figure S 

4. Draw the circle with center C and radim AB (=r). Figure 4. 

Since the radius is not given in position I must establish a point P such 
that CF=AB=r. Thus draw C(A)and A(C) meeting in Q. Then CQ= 
AQ. Draw A(B) meeting in R. Then AR~r. Let i?Q=x. Draw Q{R ) 
meeting CQ in ^ Then PQ=x and. since CQ=AQ=r+x, then CP=r. 
The circle C(P) is the one desired. Modem methods violate V. 

X have achieved here a real advantage. In effect, I have won the privi- 
lege of incorporating the dividers into the compasses and can henceforth 
with clear conscience use the noncollapsible "modem" compasses. 




Figure 4 

I should clearly understand that a great many instruments currently 
in vogue in modem geometry courses are very sophisticated tools. The 
privilege of using a marked straightedge (a ruler) is simply and legiti- 
mately acquired through the compasses. The crime is that I use it with 
disregard of proprieties often without thinking. The straightedge with 
but two marks on it is capable of solving problems which may be repre- 
sented by quartic equations whose coefficients are given lengths. For 
example. I may use it to trisect any angle AOB — z cubic problem — as 



follows: Let the ruler have marks Q upon it distant 2a apart. Establish 
OC=a on OB and from C draw a parallel CX and a perpendicular CF to 
OA. Place the straightedge through O and move P on CK When Q falls 
on CX the angle is trisected. For, let 40(1=9 and call Af the mid-point 
of PQ=2fl. Then -^OQC^e (parallels and a transversal) and ^MC(l=6 
since MC=M(l=a. Furthermore, ^OAfC=2^ and, since OC=CM~a, 
^M0C^2e^ QED. 




Figure 5 



Now to difclose and lace the facts involved in this trisection. First of 
all. I understand that Euclidean plane constructions are representable 
as nothing more than fjuadratics. Here, however, I notice the passage of 
Q. The straightedge is kept upon O, and P moved along CY, The path 
of Q is a (U)nchoid, a curve of fourth degree in rectangular coordinates. 
I have thus acc|uired in non-classical fashion the intersection of this curve 
and the line CX. (To move P and Q upon CY and CX and stop when 
the straightedge falls upon O is to exchange equivalent miseries. The 
segment PQ is tangent to an Astraid, another curve of fourth degree.) 

7'he protractor has no place in our course in geometry , I find the angle 
imf degree clearly marked on an expensive model in my possession. But 
not even the instrument company can construct one degree. As an 
instrument of practical measurement it has its use, to be sure, and ranks 
with the car|>enter's square as a tool for the jobber. But in the hands of 
a student of that Finest of arts called geometry, it serves only to contam- 
inate and confuse. 

And now that the experiences of my revival are over I have a clearer 
picture of the nature of Euclidean constructions. Perhaps this clarity 
will be reflected by my students ifi their knowledge, understanding, and 
appreciation of the structure of their geometry. 

6 
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The Geometry of the Fixed-compass 

Arthur E. Hallerberg 

Topics in mathematics which clarify mathematics,, meanings, which 
develop mathematical appreciations, and which furnish opportunities for 
the student to "discover" mathematical ideas provide stimulating mate- 
rial for both teacher and student. If such a topic has an interesting or 
significant historical development as well, it has an even greater contri- 
bution to offer.' 

This paper is concerned with such a topic; the question of how various 
geometrical constructions can 1^ perfonncd by using a straightedge and 
a compass^ restricted to one and the same opening throughout the entire 
construction. We shall find it convenient to refer to this more briefly as 
"the geometry of the fixed-compassi* 

Introducing the geometry of the fixed-compass 

Let us suppose that a geometry class which has studied the elementary 
geometrical constructions with ordinary compass and straightedge is 
asked to isolate a significant similarity in the constructions for bisecting 
a given line segment and for bisecting a given angle. It is possible that 
some student will notice that a single opening of the compass can be used 
throughout each construction, and. in fact, that the width of this opening 
may be arbitrary. (Students may at first fee! that "too small" an opening 
makes the solution impossible, but a little thought will soon indicate that 
this is no real hardship — see Figure 1 • w^here segment AB is bisected with 
a compass opening less than half of AB.) The students are then chal- 
lenged to try to discover if there are other basic constructions which can 
be carried out using a "rusty compass!* in which the opening between 
the legs (the radius of the arcs or circles drawn) is never changed. The 
use of the Unmarked straightedge (ruler) in addition to the fixed-compass 
is of course assumed throughout all of this discussion. 

*See F S. Jones. "The HUtory iif M^tlK-tiMlics it% a Tr4<litiiK Tool;' THf Maimfm atus Tf ^f wrR. 
I. (January .5*)-ft4; Hctu f. dud Arthur H. Fnifag« **I-Jfing the HUtury of Mathcmatki in 

IrarhlnR on ihc Srcotidary School Iam V/ Thf Matiifmaius 1 fm hfr. I. (March lOftT) . 2UO-224. 

""UMgr favori the ilngular. compass, to refer to a tingle ln»tntinent and (he plural, compas.^. to 
refer to mnw than oiu*. although pair ftf (onipaae«, rt'ferring to the «higie tnstrumenf wtih U% pair 
of kg*, U Ufict\" The Enryrlnpfdia Antrfirann, 1957 et lit ion. VII. 427. 



f 




{ — { 



Figure I 



It may be worthwhile to suggest such problems to students as the con- 
struction of perpendiculars from points on and off a given line; the 
drawing of the parallel to a given line through a given point; and the 
division of a given segment into any number of equal parts. More chal- 
lenging problems would be the transfer of a given angle; the drawing 
of a triangle, given the lengths of the three sides (each unequal to the 
given compass opening); and the inscribing of a regular pentagon in a 
given circle. 

Some of the better students in a class should be successful in finding 
solutions for some of the basic constructions under these limitations. A 
pooling of ideas and particularly an analysis of the use of intermediate 
constructions, which can be combined into more complicated construc- 
tions, suggest the value of developing something of a systematic structure 
to increase the number of problems which can be solved. 

For example, we may erect the perpendicular at point C on line AB 
as follows (Fig. 2): 

Draw C(t) (the circle with center at C and with the fixed radius r) 
cutting AB in D. D(t) cuts C(r) in E, and E(r) cuts C(r) in E E(t) and 
F(t) meet in G. Then CG is the desired perpendicular. 




D B 



Figure 2 
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(An alternate method, using the properties of the 30^-60*' right tri- 
angle, is to cut Utie ED with E(r), thus giving G without the use of 
point F.) 

The draving of the tine through point A which is parallel to given 
line BC can be performed by the "rhombus method" (Fig. 3): 

A(r) cuts BC in D. D(r) cuts BC in E. E(r) and A(r) meet in F. Then 
AF is parallel tofiC 




Figure S 

If the student attempts to drop a f^rpendicular from a given jx)int, A, 
to a given line. BC , he will find that he has difficulty if is at a distance 
greater than r froin BC. However, by combining the two previous con- 
structions (first draw any convenient perpendicular to the given line, 
and then draw a parallel to this line through point A), the difficulty is 
found to be only temporary. 

At least four basic questions now present themselves: (1) What are the 
construction problems which can be solved using only the fixed-compass 
and straightedge? (2) What criteria can be set forth which will clearly 
define what is possible and what is impossible under such restrictions? 
(3) Why should such a problem be considered — either historically or as 
a present-day problem? and (4) Who arc some of the persons who have 
found this problem to he of interest? The remainder of this pajwr is 
devoted to at least a partial answer to these questions. Rather obviously, 
these answers arc interrelated, and no attempt will be made to consider 
them individually. 



The fixeivcompass in f.arlv mathematical history 
Tradition has ascribt*d to Plato the res[>onsibility of emphasizing the 
straightedge (of indefinite length) and the compass (of indefinite open- 
ing) as the basic tools for carrying out geometrical constructions. Euclid 
never used the word ''compass" in his Elements; his first three postulates, 
however, appear to giv e emphasis to the idea that straightedge and com- 
pass were the only tools of pure geometry. The third postulate, *'to de- 
scribe a circle %vith any center and distance!' and the manner in which 
it was used, result in a limitation which is usually expressed by saying 
that Euclid used a "collapsible compass!' In effect, this compass closed 
as soon as one of its points was removed from the paper. Of course, Euclid 
immediately established proposition 1-2: ''to place at a given point (as an 
extremity) a straight line ecjual to a given straight line!* and proposition 
I'S: "given two unccjual straight lines, to cut off from the greater a 
straight line equal to the less!' In effect, then, the devices of 'transferring 
segments" or of marking off ecjual segments on a line by means of a single 
fixed opening of the compass were availal>le, although Euclid did not 
give these duties to the compasses as such. 

Present day students are surprised at the way Euclid handles the basic 
constructions, but these are worthy of study to note the systematic and 
logical procedures which Euclid used. In the Commentayy on Euclid's 
Elements written by Prcx^lus a!)out 400 a.u., there is evidence that other 
writers sckmi after Euclid used the compass as dividers for transferring 
distances. For example. Proclus gives a construction attributed to Apol- 
lonius (cn, 260-170 b.c:.} for the method of drawing an angle etjual to a 
given angle which is customarily used today. Proclus objected to such a 
construction, although it must be noted that he did so because of the 
demonstration (pnK>f ) of the construction involved, rather than because 
he objected to the actual method. 

It seems significant to note tliis attitude of PrcKlus — it indicates much 
greater interest in the logical approach to geometry than in the practical 
approach. This attitude — avoiding the practical — probably accounts for 
the fact thai we find in C;reek gecmietry no real awareness of the fixed 
compass as a special device in performing constructions. If some of the 
liasic constructions were ofjtained without changing the opening, this 
apfH-ars to have been done without any conscious placing of this restric- 
tion on the construction, * 

'Sf\rrii! Mumlard historu^i <if maUu iiuiu ?* have laafn! that Pappus (2r»0-^!IO0 \ ti ) made men^ 
or %\\ih iomfrmhom with a s\\\%\v imrning nf ihr tHinpaM Thai ih\y fMSAJK* i» Papains has 
tinn mi»iiiteipret«*<l ha« Ixvn shown liv W. M. Kiitfa. "/iir C;iH»<huhlr i\vx iWinwvUW nut Con- 
utantrr /irkrloffniing:' Sovn .4t ta. 71 rtH<IS). pp. 

Similarh. tmlii has iHfU givm to Hrnm rfint it niuiv s m) Un a fomirunton which was irant^ 
ffiitU'il through a toinmrntarv on Fiicliil hv fhr Auth, an Nairt/t (iVm\ MlTiV ncton's nu'fh<K| can 
Ik- at!aprr<! to a (onipas* o.ri^rnu Jiofj. h\ii his aiftiaf {diisUiu tion was not fotthn^i li> a single 
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The constructions of AbiVl-Wefa 

It is in the work of an Arab of the tenth century that we find what 
seems to be the first recorded attempt to consider the problem of fixed- 
compass constructions systematically. In a work on Geometrical Con- 
structions, which is ascribed to AbA'l-Wefa (940-998). we find the ex- 
plicit condition made in the statement of certain problems that the 
construction in each case is to be performed with a single opening of 
the compass. 

A considerable number of mathematical works have been ascribed to 
Abu'l-Wefa. He wrote commentaries on al-Khowarizmi, Diophantus, and 
Hipparchus; he began his own commentary on Euclid's Elements but 
apparently did not finish it. He wrote treatises on arithmetic and compu- 
tation for practical use. computed fables of sines and tangents, and wrote 
extensively on astronomy. 

Fixed-compass constructions are expressly called for in the statements 
of five different problems given by Abfl'l-Wefa. These are: (1) the con- 
struction ()f a regular pentagf)n on a given line segment as side, using 
only one opening of the compass ecjual to the given line segment: ^2) the 
same, for a regular octagon; (3) the same, for a regular decagon: (4) in- 
scribe a scjuare in a given circle, using only one opening equal to the 
radius of the circle; (5) the same. inscrif)ing a regular pentagon in a 
given circle. 

In certain of these problems it is necessary to use auxiliary construc- 
tions, such as the erecting of perpendiculars and the bisecting of arcs, 
angles, and segmcfits. In the earlier part of his work Abu'l-Wefa actually 
included solutions for these problems which re{[uire only a single open- 
ing of the compass. The fixed-compass restriction is not stipulated in the 
statement of these pn)!>lems. however. 

The previously given metlujd for erecting a fjerpendicular at a point 
on a given line (alternate method) was given by Abu'l-Wefa. Following 
are some of the other constructions given by him (expressed in modern 
notation, hut following the same steps). 

lo divide a line segment int<j any number of ecjua! parts (e g.. '^) (Fig. 
4): Krect a perjKnditular at each end of the given segment AB in oppo- 
site directions. T he opening of the compass is marked off twice from A 
and B, giving C and />. and F. and F. CF and DE cut . IB in points M and 
iV. dividing /^/? ititfjthrececjiial parts. 

11 




Figure 4 



To inscribe a square in a given circle, using a single opening equal to 
the radius of the circle (Fig. 5): Given a circle with diameter AG and 
center S. A(r) gives Z, and G(r) gives TAT and ZG meet in M. Join MS, 
cutting the circle in B and D. Then ABGD is the desired square. 



A 




G 



Figure 5 

To construct a regular pentagon on given side AB, using only a single 
opening of the compass equal to the given side (Fig. 6): On given side 
AB, draw a perpendicular at B. On thi% oerpendicular mark off B( r), giv- 
ing C. Find D, the mid-point of AB. Join CD. D(r) gives S on CD. Find 
K, the mid-point of DS. At K erect the perpendicular CD, cutting AB 
extended in £. A(r) and E(r) meet in M. Join BM and extend beyond M. 

12 



M(r) cuti this in Z. Triangle ABZ is the "triangle of the pentagon!* Z(r) 
and B(r) meet in //, and Z(r) and /l('r; meet in T, so that ABHZT is Uie 
doiired penugon. 




Figure 6 



Why did Abii'l-Wcfi propose and solve these problems with a single 
opening of the compass? He gives no hint of the answer in his work. One 
conjecture has been that the compasses of that day were difficult to adjust. 
This seems difficult to defend when one recalls that the Arabs of this 
period were quite skilled in the construction of astronomical instruments 
and also had devices for drawing conic sections. Furthermore, there is 
evidence in the manuscript itself that it was not too difficult to change 
the opening of the compass. In an "artisan method" for drawing a parallel 
to a given line through a given point A, the center was placed at point A 
and the compass opening found which is the perpendicular distance from 
A to BC. Then any point on BC was chosen as center (sec Figure 7) and 
an arc drawn. A line was drawn through A tangent to this arc to give the 
desired parallel — all of these steps being performed "by inspection!' 
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Another explanation might be that Abft'l-Wefa was endeavoring to 
present a regular "theory" or systematic set of fixed-cottipass construc- 
tions. We will see that this endeax or did move later workers to consider 
the problem, but it seems quite clear that this was not the primary intent 
ol Abu l-Wefa's work. The auxiliary constructions do not have the re- 
striction stated explicitly; the Hxcd-coni|>;iss constructions arc scattered 
throughout the notirestricted constructions (which greatly outnumber 
the former); and there are various ncm-fixed c€«npass constructions given 
by AbA'l Wefa which could easily ha\e Ijcen converted to fixed-compass 
constructions if he had been committed u> that purpose. Most ii:ip{>rtant 
of all is the fact that the fixed opening in most cases is specified as being 
ccpial to s<mie previously given length, such as the given side or the radius 
of the circle. 

The most plausible explanation seems indicated when one notes that 
the fixed compass constructions primarily are concerned with the draw- 
ing of regular |M)lygons, both on a given side and inscribed in given 
circles. This, of course, is closely related to the similar prtiblem of divid- 
ing a circle into any number of ecpial parts. This problem is an ancient 
one. involved in jm>blems like that of determining the eijual order of 
s{K)kes in a wagon wheel, and in decorative and ornameiual art work. 
Fixed-compass constructions were first devclo|>ed to answer a practical 
need for regular |M>lygon constructions in art. architecture, and the con- 
struction of st ientific instruments. Fixed-compass constructions were 
more efficient, not because it was so difficult to adjust the compass, but 
simply because additifmal adjustments which would be necessary might 
prove more time consuming and might possibly cause some inaccuracies. 

It thus ap|K'ar:s that interest in the fixed-compass geometry began, as 
in so many other topics in mathematics, in the attempt to find a practical 
solution to a common jiroblem. It is striking to find the first explicit 
presentation of such restricted constructions as systematic and elaborate 
as it was. The ingefuiity displayed in the construction of the pentagon 
is seldom surpassed in all of the later develojmiem of the geometry of 
the fixed ctmipass. 

Com INt'F.II IM KRFST IN THK I'RACTICAI. PROBLEM 

The next chrtniological references to fixed-compass constructions are 
to fjc found at the end of the fifteenth and the fn^ginningof the sixteenth 
centuries. In three different works, written within a |x?riod of forty years, 
constructions are given in which the restriction that just a single opening 
is to !>e used is definitely stated. Here agaiti the use of the fixed-ctHnpass 
as a practical device is rather clearly indicated. 
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Geometria Dfutsch was a small printed work of just six pages without 
mention of author or of the time or place of publication. It is described 
as the "first printed outline on gcometr)' in the German language"* and 
was probably printed before 1487. Nine geometrical constructions were 
given — without pnM)fs — and in one of these the restriction "mil unver- 
riirhtem '/Arkel" is fiiade. VWxs is the problem of constructing a regular 
pentagon on a given side with the fixed-compass opening equal to the 
given side. Unlike Abu'l Wefa's construction, however, this is only an 
approximation; on the other hand, it is much more easily executed. 

Given segnieni AH, with AB r (Fig. 8). Draw .-/fr)and B(r), meeting 
in C,n. Join CD. Dft )cuis (D in ^. giving also fund (l.KFcimB(r)m 
K. GE cuts A(r) in //. K(r) cuts CD in /. rhcii ABKIH is the jKMitagon. 




riiis sanu- toiisfnuf ion is ^xwn by All)m hf Wiwxv in his bcmk of in- 
structions on ihc an ol nRasurin^ with coinp;iss and ruler, first pub- 
lishfd in 1525/ I bis work includes consiruc timis wbich arc to be 
carried out witb ibe Zirhel uuvernuht — x\\\\\ given above and the in- 
scription ol a rej^ular bexagon in a c irc le, I be latter construction, of 
enurse. represents no s|Hriai achievenienf. Di'irer also itu bides several 

*Sif^;Mniij<! (.uiiilu i. Ct sthirhft th \ tftatltt ntntnrhrn Uvltnuhts im ilrutsdiru Mtttrhtltrt his 
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comtructions involving just one opening of the comf^ss, which may be 
arbitrary. One of these* which also appeared in Geotnetria Deutiich, is 
for constructing a right angle: 

Draw any two lines meeting in £ (Fig. 9). Place one ixiini of the com- 
pass at £ and swing an arc, cutting the lines at , J3, and C. Then AB is 
perpendicular to BC. 




Figure 9 



It will be noted that the constructicui simply gives a right angle and in 
no way indicates that the method could easily be adapted to the problem 
of constructing a perpendicular to a given line from a given point on the 
line. This "semicircle** method of constructing such a per|x;ndicu]ar is 
one of the most repeated fixed-compass construct ioTis given by later 
writers. We jump ahead almost two hundred years to give the vivid de- 
scription of an Englishman, William Lcybourn: 

"SeJ one poinr of your fork in the end B, and keeping it there, pitch 
the other end down upon the Pa|>er at all adventures in C, and upon C 
turn the fork alwmt till the other jxiint of it touches the given line AB 
in Then CI) extended cuts the same arc again in £, and EB is the 
desired {>erpendicular (Fig, 10), 

Of greater interest are the contributions of another great artist of this 
period, Lccmardo da V^ifici (1452-1519). In the so-called Notebooks of 
Leonardo are found recorded connnents and sketches on statics and 
dynamics, anatomy, light and shade, architecture, perspective, and other 
topics— In varied order and in various stages of completion, usually in 
the left-handed manner of writing in "mirror-iniage!' These manuscripts 
also contain geometrical constructions, and in particular we note that 
some form of the phrase nm una njnitum di sesfo is found at least ten 
times scattered through these pages. 

• WlllMin f4^ylKnirn. Ht^a^titr irifh Pmftt {lAmtUm, KKII) . J M<f fl, pp. If> 1*7 I'Im' filU» p:igr of 
fhli work U'pttHhuni in Wini;iin I. S<h;t;if. "McMUfti aliilia MaUuMtMlH t>!' I fu ^f^iiUM^uni 
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Figure 10 



The diverse nature of Leonardo's fixcd-coiiipass constructions, lo- 
Rcth^T with the fact that many are incomplete and others are inaccurate, 
makes it difficult to systematize his attainments briefly. 

It is evident that Leonardo used the above phrase with two different 
intents: first, the Hxed-conipass was to be used as dividers for laying off 
equal units of length along a straight line or the circumference of a circle, 
the proper opening Ix^ing sometimes found by the "trial" method of ad- 
justmg, second, once given a particular opening, this was to be main- 
tained throughout the entire construction, or at least until some sought- 
for distance was found, at which time a second fixed setting -not arbi- 
trary—would lie used as before in completing the construction. 

A representative construction of Leonardo is that for dividing a circle 
into 3. 5. 6. and SO equal parts. 

Given a circle (Fig. 11) with A,B, C, D points of the inscribed hexa- 
gon. D( r) cuts AD in N. BN cuts the circle again in Af. Lhcn, AD-~\A 
AM~\^,AC=\/^. CM-^lim (of the circumference)/ 

Here the sides of the pentagon and hence of the .iO-gon are only ap- 
proximate. In other constructions Leonardo proposed to divide circles 
into 3, 7. 8. 9. 18. and 24 equal parts. Actually, only the lengths of the 
sides of the rerjuired »-gons were found, and the iujplication here is that 
the compass would have to Ik* reset to the proper tjjxjning and the points 
then stepped off around the circumference. Some of the alnnc lengths are 
only poor approximations -so much m that Leonardo sometimes wrote 
"jalso" next to the construction. 

't^naniti tit Vinci, /n htntm^rrih dr l.rauaida da Vitirs. {(1 vnl« ; I»an«; Clharfn Ravaiimii 
Mftilicn. !8Nl_i8fll) . R.27 v, 
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Figure 1 1 



A detailed study of Leonardo's constructions leads one to the conclu- 
sion that Leonardo considered the fixed-compass as a convenient tool for 
the artist and architect and not as a device of theoretical mathematical 
interest. Realizing that there are natural limitations to the accuracy of all 
such constructions anyway, Leonardo seems only to have been concerned 
as to \vhcther a construction was accurate enough for his purpose; he 
was not interested in its formal mathematical proof. He used freely, 
without acknowledgment, the common knowledge available to the artist 
and engineer of that time, and he continued to experiment for easier and 
simpler ways of obtaining practical results. This meant that he accepted 
the fixed-corn jMss as one of his drawing instruments and used it among 
others in looking for new methods. There seems little reason to believe 
that Leonardo himself passed on these constructions to his contempo- 
raries or to his succe^rs. 

The similarities in these three works lead one to speculate over pos- 
sible reasons for this. The mathematical historian, Moritz Cantor, con- 
sidered the question of whether Diirer had access to Geometria Deutsck; 
he concluded that Diirer did not, because of the absence of some of the 
earlier constructions in Diirer's work. Rather, Cantor felt that such con- 
structions as these were used by the architects and builders of that time, 
perhaps passed on secretly by them from one generation to another.* 

The significant conclusion that can be drawn from the presence of 
these constructions in these three works is that they reflect a common 
body of practical geometrical knowledge known and used by the artist 
and artisan of that day. The fixed-compass was one of their tools — which 
was used fre()uently but certainly not exclusively. 

• M. Cantiir. hnlrumgfn aher GrsrhUfttr der MaOifmntik (2«i «!.; I^lpiig. 19!S), II, pp. 465, 465. 
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I hE SOMlTlONii OF THK I frpH CEM I!RY ITALIANS 

We have noted above h.)w interest in the practical aspects of uconietry 
wlll'i, T ^^'^*^^-<^"">P^,=«* «>l"tions for regular ix,lygon constructions, 
uith the fixed o|x.-ning Ixnig equal to the given side or the given radius. 
In the middle of the sixteen century, a complete change occurred in 
the geomeir)' of the fixed-conipass-a change both in motivation and 
in the nature of the problem considered. Within a f>eriod of ten years 
there apf>eared three differeni sets of fixed-compass solutions for all of 
the construction problems given in Euclid's Elements. Moreover the 
.ipenmg of the compass was completely arbitrary -actually, it was to l>e 
an opening * proposed by the adversary:' 

The controversy over the discovery of the general solution of the 
cubic equation has long U'en one of the interesting episodes in sixteenth 
century matheinatifs. althf)ugh there have been difficulties in determin- 
ing the exact details. " No attempt will be made here to reconstruct the 
details of this bitter controversy t)etween Nicolo Tartaglia and Hiero- 
n:mo Cardano after Cardano publisficd in the Ars Magna the solution 
of the cubic supposedly received from Tartaglia under oath of secrecy 
In 1547 I.udovico Ferrari issued his first Cnrtello in defense of Cardano 
(his teacher and benefactf)r) and gave challenge to Tartaglia for a mathe- 
matical duel 111 which each would pro|K)se thirty-one problems to be 
solved by the opponent."' In the Semnrln liifwsta Tartaglia proposed his 
thirty fine quest urns, the first seventeen of which dealt with problems 
to be solved by means of the fixed-conipass. Included were such problems 
as these: to draw a tangent to a given circle from an outside point; to 
descnlH." a rectilineal figure which is similar to a given figure and equal 
(in area) to another: to construct a triangle with angles in the ratio of 
i:.^:in: to hnd the tangent m an ellipse which makes an angle with the 
major axis ctjual to a given angle. 

Ferrari submiited his answers some months later in the ()uintn Car- 
frlln. .Acfuallv. instead of answering the siKcifit (piestions pniprised by 
Tartaglia. Ferrari presented a complefe treatment ni Euclid's first six 
bfK>ks, with the change in the third jK)stulate that the ojx-ning of the 
ctmipass was to remain fixed at an arbitrary opening throughout. The 
propfjsilicms were necessarily presented in different order fnmi that given 
by Euclid, but Ferrari was careful tn use at any given time only those 

•OMi. i,, orr. rm,l,mn (I'li.iuK.n J ni»r,Mrv I'm-*.. lf)-,1). pu-v nu ilic ttwsi r ..mi.li-i.- ;,..nimi nf 

pmt.l',',,''^ ' *' "f- , „. ,h',- i.\..d 

III.. ,Afh4n«<.i wc-M- uj.nnt<-,l in f.iMmiiii jii ., |i,„itr.S clitinii. I F.,,,.,,! a,„f v Xtt 

tA\(U,i < H>trlh ,■ ni.fnnl, .Mil.lfH. F (.ii.iil,nn. iN7r,) u.uiii .^. i.ii 
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constructions or theorems which he had previously established in his own 
particular sequence. Frecjuently a iiunilier ol projxisitions were grouped 
together with the note that these tould be carried out as in Euclid. 

In Ferrari's introductjon to his solutions he comments that he did 
not know who first proposed this princ iple of working without changing 
the o|)ening ol the compass, but thai lor the last filty years many had 
worked on this problem, including |KirlicularIy Scipione dal Feno. The 
"many" are not identihed. but this indicates a delinitc interest in this 
problem extending over a period ot time. No further inlorniation on the 
role ot Feiro has Ikxii iound. It is known that in Ifi tS Ferrari and Car- 
dano examined the pa}>ers ot Ferro (who had died in 152fi) in connection 
with the solutiim ol the cubic ecpiation. It has been conjet tured that at 
that time they found srmie reference to rhe hxed compass problem in 
Ferro's paj)crs. 

Another interesting cpiestion is that of what induced Tartaglia to 
prcsetit sut h problems. ()ne c an assume that Tartaglia was already in jx)s- 
session of solutions for the cjuesfifins he proposc-d to Ferrari when he 
submitted them. Whether he at that time liad actually thought of doing 
"all of Kuciid" is aufiiher matter. In IfifiJi larlaglia published his (ien- 
eral T rattatif di Numeri ft Misure: included in this was his own set of 
solutions for all construction problems in Kudid and his description of 
how his own interest in ihe problem originated. \\v refers to a remark 
of Arisfoilf that in any given art one should look beyond the usual mean- 
ing for something to admire. \or something intelligent and different from 
the others. I fence one day he turned to proposition Vl-Sf) of Euclid (tlie 
second of those ci^^sc ril>ed above which were given lo Ferrari), in sec if 
it ccniki be resohcd with any ojK'ningof the compass p^o|K)sed by an ad- 
versary. He scM)n found that this was ]K)SsibIe-" in fact that it was |>ossil)le 
to solve all cif Fuc Hd's pmblems which are Worked in a plane, with the 
exception ol those whic h iuNdhe the drawing of certain sjK'cilied c irrles 
with radii unecjual lo the fixed opening. 

It nnist be observc^d. however, that this statement apj>eared after two 
other sets «)f lixed compass solutions r)f Fuc lid's propositions had been 
pulilishcd. In l.'»r>n C^ard.mo j)ublisbed the fwcntv cme bcwiksof the Suh^ 
tililtite and in HcM)k X\' presented a brief condensation of his and Fer 
rari s work. Only twei\e cotistruc lions are includc*d. although they are 
the most significant ones. lartaglia's name was not mentioned, whieb 
tn;iy t)e assunu*c! to be not merely an oMTsight! 

In l.">r>M (iiovanni Haitisia HcMiecietti (the Latini/c*d form is loannes 
Haptisia de lUnedic t is) published in a biwikUt ol over I.SIl pages coin- 
[>lete set ol fixed eompass sc^luiiotis for the j>roblems ol Fuc lid, I hi re is 
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no reference to the beginnings of his interest in the problem. Benedetti 
had been a student under Tartaglia and states in his introduction that 
he had studied the Hrst fruir b<)oks of Euclid with Tartaglia - the rest he 
had studied privately. IVeiicdctfi published his work at the age of 23. an 
that his contact with Tartaglia nuist have tome s<Min after the time oi the 
Cartelli-Risposte. There is no mention of the controversy or of the pub- 
lished accounts of Ferrari or Cardano. 

A reasonable conclusion on the basis tif the presently known facts is 
that Tartaglia and Ferrari Cardano indejx:ndcntly worked out their basic 
solutions: that Benedetti worked out the details of his se{|uence after 
having obtained some ideas on the nature of the problem from Tartaglia 
and that some of the details in the Tartaglia secpience may have been 
influenced by cither or jxjssibly iMith of the earlier published sets given 
by Ferrari-Cardant) and lienedetti. This is probably another example in 
the history of mathematics of the fad that after certain preliminary 
ideas have Ixconie conjnion knowledge, the final steps may be taken 
iiide[jendently l)y several individuals. 

The "am. <if Euc i.ni" c ritfrion 
The iujpiisiiive student by this time will have raised the (jiiestion of 
whether the fixed compass and straightedge are "er aleni" to the or- 
dinary compass and straightedge. Is it jMJssible in this imited manner to 
jierfonn all constructions that lan l>e |jerlormed by the traditional 
means? The accompanying problem, of course, is hov/ such an etpiiv- 
alence could actually l>e established. I lu re is no direct evidence that the 
Italians believed that by esiablisliing "all f>l Kuclid" they had thereby 
proved the fived conipass and straightedge to be cfjuivalciit to the ordi- 
nary conipasN and straightedge, (hi fact, it is a matter of sjK'tiilation 
whether tlu- (juestions <jf sucii etjuixalence were really of any concern to 
them.) (Vrt.nnlv. Iif)we\er. they ucogni/ed that the fixed cotn pass was a 
|K>ssiblc'. if awkward. tfK)l for "performing all of Kiuiid:' and probably 
that is as much as could he exjiet ted of tlu-ni at this stage of development 
in mafluniaf irs. 

The init ivst that had been c limaxed by the appearance of these three 
sets <»f solutions, all wifhii> a perifnl of ten years, died down abruptly. 
1 he piat fical" uses of the fixed comj)ass constructions were iu)l ex- 
tended bv the soluiifins of Kudid (whic h would often refer back in chain- 
litie sucressicm to construe lions previously desc ribed). .And the theore' 
ical as{K(ts (jf fixed ceimpass construe tions could have no new |M)inis of 
emphasis until the fie ld o| geometry could l>e extended. .\n important 
chapter in the dexelopmcnt f)f the geometry ol the fixed contpass was 
clearly ended. 
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Soon another chapter began, but, strange to say. historically and math- 
ematically it was almost a complete rewrite of the prev ious chapter. The 
previous works came tcK> early to be widely disseminated, except for the 
Suhtilitate; here the constriH iions were so condensed and hidden as to 
attract little attention. On the other hand, the increased use of the'print- 
ing press and the greater concern for at least the elements of an education 
made geometry^ a matter of interest to many more individuals than be- 
fore. It was natural that to many such persons the fixed-comjiass con- 
structions (on a more elementary level) would have an ap|a*al l>ecaitse of 
their practical, novel, and pu/zle like as|>ects. As an added incentive, 
enough of the past achievements of the sixteenth-century Italians were 
passed along, although primarily as heresay. to encourage work on some 
aspects of the problem. Ultimately, tht^e endeavors were again to he 
climaxed by a set of Hxed ccmipuss sohitions of "all of Euclid!' ajiparently 
arrived at independently. 



I flK PFRIonOf RI-DISCOVKRV 

It is possible to point to references to tlie fixed-compass in the work of 
at least thirteen writers in this "jK'riod of rediscovery!' (We would date 
this |)eriod from 1560 to 1700 — lixed-cnmpass work is almost completely 
absent from any writings of the eighteenth century.) We shall indicate 
the work of several representative persons with their respective ap- 
proaches. 

The seventeenth century brought forth many printed geometries in 
various languages. Soiue of these were commentaries or simpliiications of 
Euclid's Ehvieuts: others emphasized the practical aspects of geometry. 
In 1613 Pictro Antonio Cataldi published in Italian the first six Inniks of 
Euclid '^reduced to practice!" Cataldi thus included sectifins headed In 
Pmrtini for each ol Euclid's propositions. In discussing Euclid's first 
pro{K)sition, Clataldi states: "We add. with pleasure, certain o{KTatiotis 
which have lH:en changed from the ordinary, in order that the student 
may receive delight in establishing them, as well as the desire to study 
and foUow with attention and diligence; as for examjile in the first pro|Kj- 
sition or problem, to carry out the demonstration also with one given 
ajKTture of the compass, whicli is smaller or larger thai; the given hue: 
to erect an equilateral triangle oii the given line!' Kor thin problem 
Cataldi simply gives two drawings (see Eigure 12) and says, "let the 
figures s|K*ak for themselves!' 
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Figure 12 

After such an introduction one might expect that a large number of 
fixed-compass constructions would be given. Actually, only four more 
elementary constructions are included: Cataldi gives no evidence of 
being interested in the ultimate possibilities of the fixed-compass or 
of liaving studied the fixed-compass constructions of the sixteenth-cen- 
tury Italians. 

Mario Bettini published a thrcc-volumc work in 1648, entitled 
Aerarium Philosophiae MnthematUne, which considered at great length 
the propositions of Euclid's first book. Ikttini's work includes references 
to several of the constructions of Cataldi and also to the Latin commen- 
tary on Euclid given by the German Christoph Clavius, published in 
1574. It is interesting to note that Ikttini devoted a special paragraph, 
well along in his first volume, to the fact that he had given six construc- 
tions which could Ik: carried out with una circini diductinne. These six 
constructions are all elementary, and again it seems evident that Ikttini 
did not know of the work of Ferrari and his successors. Bettini included 
the "rhombus" method for finding the parallel to a given line through a 
given point; this method he attributes to Clavius, wTio appears to be the 
first person who recorded it. 

In 1616 a somewhat insignificanr German mathematician, Daniel 
Schwenter. began the publishing of individual jxirtions of a Geometrie, 
TrartntHs I, II, etc. These were later combined to form the Geometriae 
pmctieae et audi which went through several editions. Schwenter knew 
of several isolated fixed-compass constructions (such as that of the pen- 
tagon usually ascribed to Diirer); he knew that Cardano and Tartaglia 
had worked on this problem, although it is evident that he was not aware 
of the full significance of their accomplishments. 

Schwenter's work represents an interesting mixture of the approaches 
we have already noted. We find him presenting "puzzle problems" based 
on the fixed compass; he gives what he indicates to fx* a practical use of 
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the fixed-compass device; to a slight degree he considers the theoretical 
problem involved. In the fatter case he divided a circle into any number 
of ef|ual parts (f rom 2 to 10) mil unverrnrtem Circkel, with the opening 
equal to the radius of the given circle. Sclnventer recognized that the 
sides of the 7-gon and 9 gon were only approximate. 

In the (ienmetriae Schwenler relates that at one time his tutor, Johann 
Praetorius. proposed the problem whether it was possible, mit unvev' 
riicktem Circkel.^t one center and with one drawing, to draw an 'oblong 
circle!* Schwenter gives the following solution: place the paper on a 
cylinder or colunm, place the compass on the paper, and then draw a 
'circle!' keeping the paper always in contact with the cylinder. Upon 
removing the paper from the cylinder, a "neat" oval is obtained.*' 

Schwenter also includes the following puz?!le problem, which we will 
give in the form found in William Oughtrcd's Mathematical R ea- 
tions: "With one and the same compasses, and at one and the same ent . 
or ojiening, how to describe many Circles concentricall. that is, greater 
or lesser one than another? In the judgment of some it is thought impos- 
sible: who consider not the industrie of an ingenious Geometrician, who 
makes it jiossible. and that most facill sundry wayes; for in the first place 
if you make a Circle ujKm a fine plainc, and upm the Center of that 
Circle, a small pegge of wrixi be placed, to be raised up and piu down 
at pleasure by the help of a small hole made in the Center, then with the 
same opening of the Compasses, you may describe Circles!'*^ 

I he account given by Schwenter seems to indicate that he felt this 
could be put to some practical use: he speaks of using a peg on the work 
table of a joiner (cabinet maker): by exjH^rimentation. the peg could 
be lowered or raised by hammering ir in or out to make a circle of proper 
radius. 

Several later writers refer to the fixed-compass constructions given by 
Schwenter. He seems to have thought of the fixed-compass primarly as 
a pu7/le device — as an instrument which gives rise to interesting specula- 
tions and exercises. He was able to acquire this interest from those before 
him atid to pass it on to those after him, and thus he played an active role 
in the development of the fixed compass geometry. 

f hU wwv pmhirm ap|x*jr^ in various t^^lilinns of \hv Fn»nch RtU tratitms mnthrmatiqufs uiiich 
\% 4«frilHM! !o ffati lAnirifhim. ahliotigh this fHI<* sfnmiifiics ;ippcami uniicr \hc |«riif!onyni of 
If. SAW Ffft»n or wiihniif aiifhf»r givrii. Jht- ratiii*sf t-ififiott wrms to have appcaird in 1024. 
Whrthrr this proiiirin go<-« bark fo ihr %khmv nnntinui «Hirfi\ f>r whtiher it uan indrprfuicntiy 
.irrui'ii 4l hv Piai'tortus .iih! rriiiri lion, not known. It is rc'|H'auwl in mAWS laft'i IxHik^t «ni 
niathrnutical rtTr<*af inm, 

"W^illiam Ougfuml. Mathtmaticul Krt i rations (Loiiflon. pp. 49-50. 'lh\s was an English 

ifanilulion f»f l^ iiirt hon*«i woik. S<hwt'nrt'r ^ivt'S \\n% pro!>hMn itt aiiojhrr woik, ihlinar /V/vuro- 
Miithemntirnr (NumliCTg, !fi?ifi), p and rniliratcd it was not hh own, 
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FiXED-COMI'ASS CONSTRUCTIONS IN "ElICLIDlS Cl'RIOSi" 



Wc turn next to one more important work in this pvTuni of rediscov- 
ery, the Dutch Compendium Eudidis f.'wMVMj, published anonymously in 
Amsterdam in 1674. The work was translated into English and printed 
by Joseph Moxon in England m 1677. The subtitle in Enj^lisli reads: 
'TfCometrical Operations, how with one given opening of the compass 
and a ruler all <>> the works of Euclid are resolved!' In the preface the 
unnamed author states that he had read that one John Haptista had per- 
formed all of Euclid's projK>sitions with one single opening of the com- 
pass. He had never found this work or any additional reference to it, 
although he had found this problem considered in the works of Ikttini 
and Schwentcr. .Although he at first thought the matter impossible (espe- 
cially when he considered such a problem as constructing a triangle given 
the three sides), he had studied it at length and was now able to present a 
set of solutions for all construction problems in Euclid. 

A detailed study of the Eudidis Curinsi rccjuires more space than can 
Ik? devoted to it in this paper. Most important, however, is the fact that 
authorship of this work can now definitely be ascribed to Cfcorg Mohr, 
the Danish mathematician whose name is familiar to those readers who 
are acquainted with the "geometry of the compsses alone!''' For it was 
this same Georg Mohr who in 1672 had published the Eudides Dnnicus, 
the work which first gave proof that all constructions of Euclid could be 
performed with the (movable) compasses alone, without the use of a 
straightedge. (Such constructions are connnonly referred to as "Mas- 
cheroni constructions" since the Italian. Lorenzo Mascheroni. inde{>end- 
cntly established the same results in 1792.) Mohr's work on the "ge- 
ometry of the c{)nipass" was not known ujitil a ropy of the Dnnicus was 
rediscovered in 1928." 

Mohr presents twenty nine basic constructions which include all of 
the main construction problems of Euclid; prcKjfs are omitted. The last 
problem concerns the drawing of plans for laying out a regular fortifira- 
tion. using fixed-compass and straightedge. 

Wr include Mohr's construction for adding and subtracting segments: 

"Thf fi.pv (if Miinnn's Ftiglish ti jiisbtirjii <if rhi- Curinv in the I itirary of the Univrniitv of 
Miihigan wan first {Miinhil out lo mi- hv Profis«)r Philliji S. )oiif«. I.atn PmfitM.r foiu-s saw the 
«ii|iv of ihi- anoiniiiouii niinii i ilitimi in thi- Pliiiiplmi Colin lion in the I.ihran of Colitiiihia l ni 
vrniiv ji«!c«l in olitaining a niitrnlihn ,,f thin wurk. Fm ilciuils on uhv tin- atithotfihiti (an iw 
awribc*! to Mohr. «v Arlhin F. f IjIIi tIxtk. " I f»- nt \( lopiniiit nf thv (,f<Mii«-ftv of ttif Fixi'*!- 
t:oiiipaM with F«|K'< i,iI .Attcnfiun t<i (In- {UiiifriljutioiH nf f;roiK Mohi" (Fd H ciisjifri.iiirwi I niu r 
«iiv (if Michigan. UVtl. I C Card Vo. Mi(. 'iH-I4()9). 

"For i"«tam|>lf, st-v {iiliiin H. Hlavjiv. "MaiM luioni Comii iiciionn" Im M\tmMKU(s lEAriirH, 
1. (NovrmlH T, 19^7), tSi.' 4S7. am! N. \ C.tmtt, "Mafwhi roni r(»n<liiirtioiiv" I nt Mmhfmmics 
I »«:ufR. LI (May, lO'i^), .STn S7l'. 



To join CD to AS, at B in line with AB (Fig. 1 3) : Through B draw BK 
panilel to CD, and through D a parallel to EC, giving £. B{r) gives // 
and F. Draw £P parallel to HF. Then P is the desired point. 




The necessary auxiliary construction had previously been given by 
Mohr. He also gives some special cases of the above problem. 

Mohr seems to indicate that he believed the fixed-compass with 
straightedge was ec{uivalent to ordinary compass and straightedge: in his 
preface he states that he could have added more operations such as for 
drawing sun dials, but "considering that all flat or plain operations may 
be reduced from these [operations given in this work], these shall suflScel' 

The "John Baptista" given in the preface was G. B. Benedetti; it is 
not at all strange that Mohr never located his work. A detailed analysis 
of Mohr's constructions as well as those of the Italians clearly indicates 
that Mohr obtained his results without access to their work. 

Again, it is interesting to note the repetition of mathematical history 
in the almost complete disappearance of this set of geometrical solutions 
to the fixed-compass problem. Very little mention of either the Dutch 
original of Euclidis Curiosi or of the English translation by Moxon is to 
be found in references to the geometry of the fixed-compass. 

William Lf.ybourn's "Pleasure with Profit" 
Of lesser significance, but still of interest, are the contributions of an 
Englishman in 1694. Among the "mathematical practitioners" of Eng- 
land in the seventeenth century was William Leyboum. He seems to 
have found the same fascination in the novel and practical aspects of the 
fixed-compass which had aroused the interest of amateur mathematicians 
earlier in the same century. In his work. Pleasure with Profit, a section is 
devoted to "Geometrical Recreations!' Chapter II of this is subtitled: 
"Shewing How (Without Compasses) having only a common Meat-Fork 
(or such like Instrument, which will neither open wider, nor shut closer), 
and a Plain Ruler, to perform many pleasant and delightful Geometrical 
Operations." 
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Leyboum gave twenty constructions for some of the more elementary 
problems. There is a decidedly practical flavor to some of these, and 
others seem to be included as novelties or curiosities. Leyboum does not 
attemjpt "all of Euclid" and there is no indication that he had examined 
any of such sets of solutions. . , 

The equivalence of the fixed-compass and the ordinary compass 

While the fact that "all of Euclid" could be performed with fixed-com- 
pass and straightedge had been repeatedly established, it is obvious that 
a more refined set of criteria must be specified to actually establish the 
equivalence of the fixed-compass and the ordinary compass. Such criteria 
were presented in connection with the important Poncelet-Steiner theo- 
rem which is indirectly associated with the fixed-compass problem. This 
theorem may be stated in this form: If a single circle ana its center are 
once drawn in a plane, every construction possible with ruler and com- 
pass can be carried out with the ruler alone. This theorem is ascribed to 
two persons, Victor Poncelet, who first stated the theorem and indicated 
a method of proof in 1822, and Jaco^ Steiner. who gave a systematic and 
complete presentation of the problem in 18SS." 

Since an arbitrary fixed-compass can be used just once to draw the 
necessary "Poncelet-Steiner circle" it follows that the fixed-compass and 
straightedge are equivalent to the ordinary compass and ruler. The proof 
of the theorem depends upon somewhat more advanced geometrical con- 
cepts, but Poncelet gave the necessar>' criteria. Essentially, he pointed 
out that the ordinary compass and ruler can be used to find: (1) the inter- 
section of two straight lines: (2) the intersections of two circles; and (3) 
the intersections of a line and a circle. The checking of such "intersec- 
tion" criteria can be used to establish the equivalence of various geo- 
metrical tools with the ordinary compass and straightedge. There is little 
reason to believe, however, that the motivation for the Poncelet-Steiner 
theorem came from the fixed compass problem as such. Instead, we find 
an example of the transfer of knowledge from one phase of mathematics 
to another seemingly unrelated topic. 

It is of course possible to apply the "intersection criteria" directly to 
fixed-compass constructions without reference to the Poncelet-Steiner 
theorem." 

••J. Victor Poncelet. Traiti' dei ptopriHh pwirelives des figures (Paris. IK2): Jacob SJcincr, 
Die eeometnsehm Konstruttionen . . . (Berlin. 18SS); M. E. Slurk (iraiu.). R, C. Arehifaalri (cd.). 
Jacob Stcirwr*« Geomftriral Comlrurtiom . , . (New York: Scripta Mathematica, I9.TO), 

"Sep, for example, M. F. Woepcke. "Rechcrehei mx fhistnire dc» Kfence* mafhiWuatique* chci Ici 
orienUux:* Joumat Asiatiqut, Vol. 5. Series 5 (18«5), pp. 218-2M. S09-359; alio. K. Vanagihani. "On 
Some Methods of Conuructioiu In EJemeniary r,e<Miielry;' TAhuku Mathematical Journal, XVI 
(1919). 41-49. The article by Wocpckc \% the main source of information on .^bfil-Wcfa. 
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The ^'analytic criterion*' and projective geometry 
Within only a iittie more than the past century, the use of analytic 
means of combining algebra and geometry has supplied criteria for what 
is impmsible with the ordinary compass and straightedge as well as for 
what is possible; the same limitations and possibilities were thereby auto- . 
maticaliy set for instruments which are equivalent to them* A discussion 
of this matter would lead us too far afield from our original purpose. 
Essentially, however* this consists in showing how ruler and compass can 
be used in performing the four fundamental operations and the extract- 
ing of the square root of certain positive numbers, providing that an ap- 
propriate co-ordinate system has been set up. Particular geometrical 
problems are then related to the roots of certain equations, and the con- 
structibility of these roots can then be considered. 

In this paper we have confined ourselves to the fixed-compass problem 
as it is related to elementar>' geometry, A detailed discussion of the Pon- 
celet-Steiner theorem and its various modifications would lead us to 
many of the concepts studied in projective geometry. We indicate just 
one modification of this theorem. 

In 19S4 Mord<mkhay Ik)ltovskoy proposed the question: if the pair 
of compasses broke before the entire Poncclct-Steiner circle had been 
completed, what would one do in this "catastrophe'?'' Actually that 
question had l>een answered thirty years before, when Francesco Severi 
proved the theorem. ''All problems solvable by ruler and compass can 
resolved with ruler and a traced arc of a circle, with center given!*'* In 
relation to the geometry of the fixed-compass, this means that the fixed- 
compass need not be used more than once, and then only a portion of the 
circle need be drawn. It should he emphasized that the center of the arc 
or circle is necessary. 



"To THE INTERFSTEO READER" 

The "joy of discovery" in mathematics is, of course, one of the satisfy- 
ing charac tcristics of its study. For the present we therefore leave as a 
prol)lcin Mor the interested reader" the drawing of fixed-compass solu- 
tions of other customary compass and ruler constructions. The problem 
of constructing a triangle, given its three sides, by means of the fixed- 
ccmipass. has fascinated amateur mathematicians for over 500 years, and 
it may well do so for many more years to come. 

*M> Mofdoukh^y B»ll<H«koy. *'Stit i()h!i!riuiioii<i a» imm'n dc U rt%\v vt d'un arr dc cvttlv 
Uw iliiiir \v trntw nt nmiHi:' Vnindim di Maiematirhr iSt^ru% 4). XIV (1954). |01. 

F Srvj'ii. "Stii pjuhfnni drtrrminats iTiiftlfihili tnHa Hga c fol atmpAsuC Rrudinmfi dri Cirrala 
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It u by no means a new idea to consider constructions carried out with 
tools other than the customary straiRhtcdge and compass an appropriate 
topic m high school and college mathematics. The concept of "construc- 
tions with limited means" has been used to refer to a restriction on the 
geometrical tools used or to restrictions on the manner in which they are 
" -.J^"^ attention has been given to the constructions which can be 
carried out with the compass alone, with the ruler alone, with a parallel 
ruler, with the right angle, or the like. 

The point that does not seem to have been emphasized in the past is 
that the fixed-compass, of all limited means, is of particular interest and 
value. We therefore conclude with the following features which partic- 
ularly distinguish the geometry of the fixed-compass: (1) the student 
already knows several constructions which use the principle of a single 
opening, and so the cjuestion of what can be accomplished in this way is 
a natural one: (2) it is based on elementary geometrical concepts - there 
IS no need to develop new or special topics (such as inversion, for the 
geometry of the compass alone) before the student can work on the prob- 
lem; (3) many of the basic constructions are within the attainment of 
even the average student; (4) the fixed-compass is the oldest of the lim- 
ited means, and its history is by far the richest: (5) some of the most 
important nujtives which have led jjcople to do mathematics are clearly 
discernible m its development: the moti%'es of the practical, of the puzzle, 
of intellectual curiosity, and of abstract theory; (6) it is associated with 
persons who arc of interest for other reasons: Abfl'I-Wefa. Leonardo. 
Diirer. Cardano. Tartaglin. and tjihers; (7) the continuity of growth of 
mathematics is illustrated in the independent repetitions of certain ap^ 
proaches and rcsuhs of different persons; (8) some of the desirable "ap- 
preciations" wiiich may result from a study of mathematics are included 
here -the contrasts of simple and advanced mathematics, of utility and 
abstraci tlicory. ol approximation and exactness, of conjecture and dem- 
onstrative proof, of puzzles and practicality, of possibility and impossi- 
bility, of generalization and specialization; and (9) the fixed-compass 
leads into more advanced topics in prtjjective geometry, indicating some 
of the intcrrelaiifms in mathematics. 
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Certain Topics Related to Constructions 
With Straightedge and Compasses 

Adrien L. Hess 
Introduction 

Closely related to the problem of geometric constructions are certain 
topics which serve to extend and enrich the usual conception of such 
constructions. The topics represent various facets of the problem which 
have been developed within the last one hundred sixty years. Of such 
topics, the three most closely related to geometric constructions are: 
Geometrography, Paper-folding and Match Stick Geometry. 

Geometrocraphy 

In 18SS Steiner (17), an outstanding German mathematician, sug- 
gested that every construction in geometry should be studied so that the 
solution used would be the simplest, the most exact, and the surest. He 
also proposed that this study should include constructions in general, 
and constructions made under limitations as to instruments used and 
with obstructions existing in the plane. Nothing seems to have mate- 
rialized from the outlining of this problem until, in 1884, Wiener solved 
several constructions for which he counted the number of circles and 
straight lines drawn (2). 

Lemoine, who made the first systematic approach to the problem, 
presented his initial ideas to the leading French scientific society oi his 
time in 1888. In less than fifteen years he wrote more than thirty notes 
and memoirs, which appeared in many mathematical and scientific jour- 
nals, in which he amplified and extended his ideas on geometrography. 
Starting in 1888 with geometrography as applied to straighedge and com- 
passes construction, he had extended his system by 1894 to include de- 
scriptive geometry and by 1902 to include geometry of three dimensions 
(9; 10). In 1902 Lemoine summed up his development of geometrog- 
raphy in his book (ieometrographie, ou Arts des Comtructiones (W'ome- 
trtques (11). 

Although geometrography was developed mainly by Lemoine. its 
growth was aided by the contributions and comments of many writers in 
England. France and Germany. Other systems of geometrography were 
devised by Pappcritz (13) in 1908 and by Griittner (8) in 1909. Lemoine. 
Godeaux (7) and Adler (1) extended the systsm to include tools other 
than the straightedge and compasses. In 1929 Tuckey (18) devised a sys- 
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tcm of geometrography in which he considered only the Mttings of the 
straightedge or compasses and the number of straight lines or circles 
drawn. Some recent college geometry textbooks (4; 16) include a brief 
discussion of geometrography. 

Lemoine chose two operations for the straightedge and three opera- 
tions for the com^isses as the fundamental operation in his system of 
geometrt^raphy. The five operations and their symbols are: 

1. To place the straightedge on a given point R^ 

2. To draw a straight line with a straightedge 

9. lb place one point of the compasses on a given point . . . C^ 

4. To place one point of the compasses on any point of a line 

5. lb draw a ciixle C, 

If in a construction, these opei^tions occur respectively a,, a^, 6„ 6,, 6, 
times, the symbol for the construction is a,/J, -f a^R, -f- fc,C, -f b^C, -j- 
fc,C,. The total number of operations is the sum a, + a, + 6, -f fc, + 6„ 
which is called the coefficient of simplicity (S). The sum a, + 6, 4- 6, is the 
total number of coincidences and is called the coefficient of exactitude (E). 

The system will be illustrated by Swales' Construction for finding the 
radius of a circle when the center O is not given. 




With any point O on the given circle 0(P) and any convenient radius r, 
draw circle Dfr; to intersect Of/»^ at// and £ 4-C, 

With £ as center draw circle E(r )io intersect 0(P) at C and D(r) 
at 5 C, + C, 

Draw the straight line BC to intersect 0(P) at A. AB is the radius of 
the circle 0(P) 2/?, + /2, 

The symbol for the entire construction is 2/i, -f- /J, + -j- -f- 2C,. 
The coefficient of simplicity is .V = 2 + 1 + I + H- 2 "= 7. The coefficient 
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cL''l!!2i?'*f " ^ r • ^ 1+ ^' '^'^ «>"««-"«ion with the smaller 
coefficient of simplicity is considered the simpler construction. 

Paper Foldimc 

Although, historically, the foldin]; of materials and the making of 
knots are quite old. their application to geometry has been made in more 
u '"^ was about five hundred years ago that the great German. 

J!? u "L**"' '^^? interested in geometry as well as art. first 
showed that the regular and scmi-regular solids could be constructed out 
^nJ^r' ??"^\"8 boundaries of the polygons, all in one piece, 
and then folding the polygons along the connected edges (S). The first 
English translation ol Euclid's Elements, printed in 1570. included a 
most interesting feature. In the eleventh Book of the translation, figures 
made of paper were pasted in such a way that they could be opened up to 
make actual models of space figures (14). Over a century later Urbano 
D Aviso a student of Cavalieri. published a work in Rome entitled Trate 
ae {a Sphere, in which geometric constructions were worked out by 
means of paper folding. The formation of a regular hexagon and a reg- 
him 1^"^^**" ^' ""^^"^ ^ P^Pe*" folding, is attributed to 

In im two men of different nationalities and in widely separated 
countries wrote works on paper folding. Wiener, a teacher in a German 
polytechnic school, showed how to construct regular convex polyhcdra 
by paper folding (2). Row. a mathematician of India, wrote Tliok in 
which he gave a more complete treatment of paper folding (14) This 
work was translated by Beman and Smith in 1901 and the book became 
readily available in this country. 

In 1905 another book, entitled First Book of Geometry, appeared 
which used paper folding. The authors Grace C. Young and W. H Young 
feeling that Row s Inwk was too advanced for children and too puerile 
for adults, wrote their book to meet the needs of children. In 1908 it 
n u t(^"'^^!*^d Jnto German under the title Der Kleine Geometer (20). 
I he book IS designed to give instruction to young children in funda- 
menta ideas of plane and solid geometry. No particular apparatus is 
needed for the constructions chmen and these constructions can be made 
and understood by children four and five years of age. Besides the usual 
fundamental constructions of geometry, other constructions are given 
in the book to develop understanding of the concept of inequality reg- 
ular |K)lygons. {Kirallel lines and planes, and the theorem of Pythagoras. 

As shown by Yates (19) with properly chosen postulates, all construc- 
nons of plane getimetry that can be carried out with a straightedge 
and compasses c^n be executed by paper folding. 
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Match Stick Geometry 



Match stick geometry, devised by Dawson (5) in 1939, uses as its sole 
tool a finite supply of match sticks of equal length. For his geometry he 
chose four postulates: 

1 . A straight line may be laid to pass through a given point, or with 
one extremity on a given point. 

2. A line may be laid to pass through two given points, or with one 
extremity at one given point and passing through a second point, 
but the two points may not be such as He in a givei line or laid line. 

3. A line may be laid with one extremity at a given point and its other 
extremity on a given line. 

4. Two lines may be izid simultaneously to form the sides of an isos- 
celes triangle, two of thtir extremities coinciding and the other two 
being given points. 

Two lemmas and an assumption complete the geometry. The lemmas 
are: A given line of a length l«s than, equal to, or greater than the length 
of a match stick can be bisected; a line can be laid through a given point 
and parallel to a given line. Since a circle cannot be drawn, it is assumed 
that a circle is determined when its center and a point on the circum- 
ference are given. 

The construction of a half hexagon is characteristic of the operations 
of this geometry. The equilateral triangle ABC is constructed. On side 
BC the equilateral triangle BCD is constructed with D distinct from A. 
On side DB the equilateral triangle DBE is constructed to form the half 
hexagon ACDE. Thus AB is extended in a straight line so that AE = 
2AB. This construction also gives a way of constructing a line parallel 
to a given line, for CD is parallel to AB. 

Under the postulates and the assumptions stated above, it is possible 
to perform all constructions which are possible with a straightedge and 
compasses. 
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Unorthodox Ways to Trisect 
A Line Segment 

Charles W, Trigg 

Five methods for trisecting a line segment arc offered here in the hope 
that they may stimulate some of the better geometry students to prove 
the constructions and to generalize the procedures r > n - Ing. 

To provide a means of comparison of the methods, we use a geometro- 
graphic mdcx which is the total of the operations performed in the con- 
struction. Surtmg with dosed compasses, opening to a particular setting 
is counted as one operation, as is changing the compasses to another set 
tmg. Drawing a straight line, describing a circle or striking an arc are 
each counted as one operation. In the following procedures, the number 
ot the step IS indicated by the number in parentheses. Throughout (A) 
indicates the circle with center at A. The dotted lines in the figures are 
suggestions toward proofs of the constructions. 

\. Modified conventional method. In order to reduce its geometro- 
graphic index, the conventional method has been slightly modified. 




Figure 1 



Given the line segment AB. Through A draw line A C making an arbi- 
trary acute angle with AB (l). Open compasses to an arbitrary radius (2) 
With A as center describe circle cutting AC in D (3). With D as the 
center describe circle cutting ACin£ (4). With £ as center describe circle 
cutting AC in F (5). With F as center describe circle (6). Draw FB cutting 
circle (F) 'm G (7). Set compasses to radius e(iual to EG (8). With D as 
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center describe arc cutting circle (E) in H (9), With A as center describe 
arc cutting circle (D) in A: (10). Draw EH cutting AB in Af (1 1). Draw 
DK cutting AB in AT (12). This completes the trisection of AB. 

2. Method based on parallel lines. (Called to the writer's attention by 
Fred Marer.) Open compasses to an arbitrary radius (1). With A and 
with B as centers describe circles cutting AB in C and D, respectively (2) 
(3). With C and D as centers describe arcs cutting (A) and (B), respec- 
tively in points E and F on opposite sides of AB (4) (5), Draw AE ex- 
tended and BF extended (6) (7). With £ and F as centers describe arcs 
cutting AE and BF in G and H, respectively (8) (9), Draw GF cutting 
AB in Af (10) and EH cutting AB in N (11). thus completing the 
trisection. 




Figure 2 

8. Modified method based on parallel lines. Open compasses to an 
arbitrary radius ( 1 ). With A and with B as centers describe circles cutting 
AB in F and G, respectively (2) (3). Through A draw (7 at an arbitrary 
angle to AB and cutting circle f /I j in D (4). With D as center describe arc 
cutting AC in E (5). Change opening of compasses to radius equal to 
DF (6). With G as center describe arc cutting circle (Bjon the opposite 
side of AB from £ in H (7). Draw EH cutting AB in M (8). Set compasses 
to radius equal to BM (9). With M as center describe arc cutting AB in 
A^.thus trisecting /IB (10). 




Figure 3 
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4, Method hosed on a square. Open compasses to radius greater than 
Y2^B (1). With A and B as centers describe arcs intersecting in C and D 
(2) (S). Draw line through CD cutting AB in E (4). Change opening of 
compasses to radius equal to AE (5). With £ as center describe circle cut- 
ting CD in F and L (6). With Fas center describe arc cutting CD in G (7). 



B • K 




A H 



Figure 4 

With G as center describe circle (8). Draw BF meeting fG ) 'mH (9). Draw 
AF meeting (G) in K (10). Draw KL and //Z, cutting AB in M and iV, 
respectively, thus trisecting AB (11) (12). 

5. Method based on Ceva's Theorem. Extend AB in both directions 
(1). Open compasses to an arbitrary radius greater tnan ABjb and less 
than AB (2). With A and B as centers describe circles cutting BA ex- 
tended in C, and AB extended in D (3) (4). With C and D as centers 
describe arcs cutting BA extended in E, and AB extended in F (5) (6). 




Figure 5 

With F as center describe arc cutting AB extended in G (7). Change com- 
passes to radius equal to AE and with A as center describe circle (8) (9). 
Change compasses to radius equal to BG and with B as center describe 
circle intersecting large circle f/4j in // (10) (11). Draw AH meeting 
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small circle (A)inK (12). Draw BH meeting small circle (B) inL (13). 
Draw BK and AL meeting in P (14) (15). Draw HP meeting AB in M 
(16). Change compasses to radius equal to MB and with M as center de- 
scribe arc cutting AB in N (11) (18). 

Generalizations. The values assumed by the geometrographic index 
when the five methods are generalized to n-secting are given in the body 
of the following table for various values of n. 





2 


S 


n 


I 


9 


12 


Sn+S, n>l 


2 


6 


11 


Sn+2, n>2 


3 


7 


10 


2n4-4, n>2 


4 


4 


12 


3n+4, n>S 


5 


IS 


18 


2n+12,n>2 



The index for n=2 in Method 3 may be reduced to 6 by retaining the 
*same radius after drawing ) and (B) and then striking arcs with F and 
G as centers. The join of the intersections of the arcs with (A) and (B) 
bisects AB. 

In the generalization of Meihcxi 4 the square becomes a rectangle. 

Care must be taken in Method 5 that the initial opening, r, of the com- 
passes be such that AB /(n+2) <r <AB/{n~2). 

For n>2, Method 3 is always the most efficient one of the five methods. 
When n>9, Method 5 moves up to second place in the order of efficiency. 
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